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For certain primes l and p, and characters x : F*p R F*l2 , we construct codes W of
length p 1 1 over Fl2 which are linear over Fl , but not over Fl2 , and which are
invariant under a monomial action of the group SL(2, p). We consider the cases
of cubic and quartic characters in detail and use the W to construct linear codes
over Fl in these cases.  1997 Academic Press
1. INTRODUCTION
The quadratic residue codes form one of the most important classes of
linear codes. Given distinct primes l and p with p odd and (l/p) 5 1, one
can define extended quadratic residue codes of length p 1 1 over Fl , which
are invariant under a monomial action of SL(2, p) (the Gleason–Prange
theorem). For binary quadratic residue codes 2I [ SL(2, p) acts trivially
on these codes, and so the Gleason–Prange theorem is usually stated as
asserting that these codes are invariant under PSL(2, p). But for quadratic
residue codes over fields of odd characteristic, and generalizations of qua-
dratic residue codes to codes over rings such as Z/4Z it is essential to use
the larger group (see [1, 2]).
The appropriate action of SL(2, p) can be described using the quadratic
character of F*p . More generally, one can use an arbitrary nontrivial charac-
ter x : F*p R k*, where k is a finite extension of Fl, to define an action of
SL(2, p) on V 5 kp11. Note that this character takes values in a field of
positive characteristic. However, if x is not quadratic then V will be a
irreducible k SL(2, p)-module, and so there will be no nontrivial k-linear
codes of length p 1 1 invariant under this action. But if x has multiplicative
order m, where m . 2 and m u (l 1 1), then we can take k 5 Fl2 , and while
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V has no nontrivial k-subspaces invariant under SL(2, p), it does have
nontrivial Fl -subspaces W invariant under SL(2, p). Also V 5 W ^Fl Fl2 ;
that is, each Fl -basis of W is an Fl2-basis of V. We call these spaces W
higher power residue codes. They are Fl-linear codes over Fl2 .
These higher power residue codes have duality properties analogous to
quadratic residue codes, and their minimum weights obey a square root
bound. The cases m 5 3 and m 5 4 (cubic and quartic residue codes) are
of particular interest. From cubic residue codes one can derive linear codes
of length 3(p 1 1) over Fl , triple cubic residue codes, and from quartic
residue codes one can derive linear codes of length 2(p 1 1) over Fl , double
quartic residue codes. In each case these codes are invariant under an
appropriate monomial action of SL(2, p). By combining the triple cubic
residue codes with quadratic residue codes we can in some cases construct
self-dual codes. This construction has been performed for p 5 7 by Curtis,
[4], who uses it to construct the binary Golay code. Also the double quartic
residue codes are in some cases self-dual.
After introducing the action of SL(2, p) on k p11, we show, by a series
of lemmas that there is, up to multiplication by a constant, a unique code
W having the required properties. We then characterize its dual with respect
to the standard Hermitian product and prove a version of the MacWilliams
identity. Finally, we prove a square root bound on the minimum weight
of W.
Next we look at some examples with m 5 3 and m 5 4 in detail. We
show how to derive linear codes over Fl from them and do some explicit
computations of weight enumerators.
We conclude by briefly indicating how these codes can be lifted to
Z/lrZ-linear codes and Zl-linear codes, where Zl is the ring of l-adic integers.
2. THE ACTION OF SL(2, p)
Let l and p be distinct primes with p odd, and let x : F*p R F*l2 be a
character of multiplicative order m, where m . 2 and m u (l 1 1). Denote
the action of the non-trivial automorphism of k 5 Fl2 by a bar, so that
a 5 al for a [ k. If a [ F*p then 1 5 x(a)
l11 5 x(a)x(a) so that x(a) 5
x(a)21. Let
V 5 h(a, b) : a, b [ Fpj 2 h(0, 0)j
be the set of nonzero row vectors of length 2 over Fp . Let V be the k-
vector space with generators ev (v [ V) and relations exv 5 x(x)ev . This
space has dimension p 1 1 and basis any set of ev with v running over a
set of representatives for the points of the projective line P1(Fp) over Fp .
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For definiteness we take the ordered basis (ey , e0 , e1 , . . . , ep21) as standard,
where ey 5 e(1,0) and ex 5 e(x,1) for x [ Fp . The group GL(2, p) has a
natural right action on V given by evA 5 evA . Also GL(2, p) acts on P1(Fp)
via the linear fractional transformation
a ? Sa b
c d
D5 ax 1 cbx 1 d .
(This is not the usual formula since the action is on the right.) These actions
are related by the formula
eaA 5 jea?A (a [ P1(Fp), A [ GL(2, p)),
where j [ k* depends on a and A.
3. THE CODES
We aim to show that V contains nontrivial SL(2, p)-invariant Fl-subspaces
W, with W ^Fl k 5 V. If j [ k but j Ó Fl this latter condition is equivalent
to V 5 W % jW. We shall describe such W by means of certain endomor-
phisms of V.
If f : V1 R V2 is an Fl-linear map between k-vector spaces V1 and V2 , we
say that f is semi-linear if f (lc) 5 lf (c) for all l [ k, c [ V1 .
LEMMA 1. Let W be a Fl-subspace of V with V 5 W % j W (j [ k,
j Ó Fl). Then t : V R V defined by t(a 1 jb) 5 a 1 jb (a, b [ W) is a
semi-linear involution of V.
Conversely, if t : V R V is a semi-linear involution then V 5 W % jW,
where W 5 hc : t(c) 5 cj is a Fl-subspace of V.
Proof. If a, b [ W and l [ k, put l 5 x 1 yj with x, y [ Fl . Then
t(la) 5 t(xa 1 jya) 5 xa 1 jya 5 la 5 lt(a).
Also set lj 5 u 1 vj with u, v [ Fl . Then
t(ljb) 5 t(ub 1 jvb) 5 ub 1 jvb 5 ljb 5 lt(jb).
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Adding these gives for c 5 a 1 jb,
t(lc) 5 lt(c)
and so t is semi-linear. As t is Fl-linear, then also
t 2(a 1 jb) 5 t(a 1 jb) 5 t(a) 1 t(jb) 5 a 1 jb
and so t is an involution.
Conversely, suppose that t : V R V is a semi-linear involution. Let W 5
hc : t(c) 5 cj. Then W is an Fl-subspace of V. Note that h 5 j 2 j ? 0 and
h 5 2h. If c [ V set
a 5
1
h
(jt(c) 2 jc), b 5
1
h
(c 2 t(c)).
It is easily verified that t(a) 5 a, t(b) 5 b, and c 5 a 1 jb. Hence, V 5
W 1 j W. If c [ W > j W then t(c) 5 c and t(c) 5 (j/j)c. As j Ó Fl then
j /j ? 1, and so c 5 0. Thus V 5 W % jW. n
We next need to interpret the property of W being invariant under SL(2,
p) in terms of t.
LEMMA 2. Let t : V R V be a semi-linear involution. Then W 5 hc [
V : c 5 t(c)j is invariant under SL(2, p) if and only if t(cA) 5 t(c)A for all
A [ SL(2, p) and c [ V.
Proof. Let A [ SL(2, p). If W is SL(2, p)-invariant then for a, b [ W
t((a 1 jb)A) 5 t(aA 1 jbA) 5 aA 1 jbA 5 (a 1 jb)A
since aA, bA [ W. Conversely, if t(cA) 5 t(c)A for all c and A, then for
a [ W
t(aA) 5 t(a)A 5 aA
so aA [ W. Hence, W is invariant under SL(2, p). n
To construct a map t having the desired properties, we shall introduce
a Hermitian structure on V. There is an inner product (a, b) ° ka, bl on
V possessing the following properties:
1. (a, b) ° ka, bl is Fl-bilinear;
2. kaa, bbl 5 abka, bl for a, b [ k;
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3. kev, ewl 5 x(a) if w 5 av, and kev , ewl 5 0 if v and w are lin-
early independent.
Another way of expressing the third condition is to insist that the ea (a [
P1(Fp)) form an orthonormal basis. Thus, this inner product is nonsingular.
It is also apparent that kb, al 5 ka, bl for all a and b. Finally,
kevA, ewAl 5 kevA , ewAl 5 kev , ewl
for all v, w [ V, and so by linearity kaA, bAl 5 ka, bl for all a, b [ V and
A [ GL(2, p).
THEOREM 1. Up to multiplication by an element of k*, there is a unique
semi-linear involution t : V R V which is compatible with the action of
SL(2, p).
Proof. Let t be a semi-linear involution t : V R V with t(cA) 5 t(c)A
for A [ SL(2, p). Define T : V 3 V R V by
T(a, b) 5 kt(a), bl.
Clearly T is k-bilinear, and
T(aA, bA) 5 kt(aA), bAl 5 kt(a)A, bAl 5 kt(a), bl 5 T(a, b)
for A [ SL(2, p). Define t(v, w) 5 T(ev , ew) for v, w [ V. Then
t(xv, yw) 5 T(exv , eyw) 5 T(x(x)ev , x(y)ew) 5 x(xy)T(ev , ew) 5 x(xy)t(v, w)
for x, y [ F*p and
t(vA, wA) 5 T(evA , ewA) 5 T(evA, ewA) 5 T(ev , ew) 5 t(v, w)
for A [ SL(2, p). If v and w are linearly dependent, then there is A [
SL(2, p) with vA 5 xa with x(x) ? 61 (as the order of x exceeds two).
Also, wA 5 xw and
t(v, w) 5 t(xv, xw) 5 x(x)2t(v, w).
Thus t(v, w) 5 0 whenever w is a multiple of v. If v and w are linearly
independent then there is A [ SL(2, p) with v 5 v0A and w 5 xw0A, where
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v0 5 (1, 0), w0 5 (0, 1), and x [ F*p . In fact, x 5 v ` w, where v ` w
denotes the determinant of the two by two matrix with rows v and w. Then
t(v, w) 5 t(v0A, xw0A) 5 x(x)t(v0 , w0).
Thus, there is j [ k such that
T(ev , ew) 5 jx(v ` w)
for all v, w [ V.
By nonsingularity T determines t. In fact,
t(ea) 5 O
b[P1(Fp)
T(ea , eb)eb 5 O
b[P1(Fp)
jMa,beb ,
say, for a [ P1(Fp). Letting vx 5 (x, 1) (x [ Fp) and vy 5 (1, 0) then
Ma,b 5 x(va ` vb) 5 5
0 if a 5 b,
1 if a 5 y ? b,
x(21) if a ? y 5 b,
x(a 2 b) if a, b [ Fp and a ? b.
In all cases Ma,b 5 x(21)Mb,a, and so T(a, b) 5 x(21)T(b, a) for all a,
b [ V.
In particular,
t(ey) 5 j Op21
a50
ea
and so
1 5 key , eyl 5 kt 2(ey), eyl 5 T(t(ey), ey) 5 j Op21
a50
T(ea , ey) 5 jjpx(21).
This equation has l 1 1 solutions for j [ k.
Suppose that j satisfies jjpx(21) 5 1. We must show that t defined by
t(ea) 5 O
b[P1(Fp)
jMa,b eb
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and semi-linearity has the required properties. Certainly
kt(ea), ebl 5 kt(eva), evbl 5 jx(va ` vb)
for a, b [ P1(Fp), and so
kt(ev), ewl 5 jx(v ` w)
for all v, w [ V by k-bilinearity. If A [ SL(2, p) then
kt(evA), ewl 5 kt(evA), ewl 5 jx(vA ` w) 5 jx(v ` wA21)
5 kt(ev), ewA21l 5 kt(ev)A, ewl
and so t(evA) 5 t(ev)A. By semi-linearity t(cA) 5 t(c)A for all c [ V. By
the equation for j we have already seen that kt 2(ey), eyl 5 1. Similarly
kt 2(ey), e0l 5 jT(t(ey), e0) 5 j Op21
a50
T(t(ea), e0) 5 jj Op21
a51
x(a) 5 0.
Consequently,
kt 2(ev0A), ev0Al 5 1, kt
2(ev0A), ew0Al 5 0
for all A [ SL(2, p), and so kt 2(ea), ebl 5 da,b (Kronecker delta) for all a,
b [ P1(Fp). Hence, t 2(c) 5 c for all c [ V. n
If t has the properties stated in the theorem, then so does t9 5 ht if
h [ k and hh 5 hl11 5 1. Then h 5 z/z 5 z l21 for some z [ k* and
W9 5 hc [ V : t9(c) 5 cj 5 zW.
Thus W is uniquely defined up to multiplication by elements of k*.
With respect to the standard ordered basis (ey , e0 , e1 , . . . , ep21), V
becomes the set of (p 1 1)-tuples of elements of k, and we regard W as a
subset of these (p 1 1)-tuples. We call W the higher power residue code
of length p 1 1 over Fl2 with character x. By construction W is SL(2, p)
invariant; in fact, a close examination of the proofs shows that W is invariant
under the larger group
hA [ GL(2, p) : x(det A) 5 1j.
To explicitly produce a generating set of W we solve for j and consider
360 ROBIN CHAPMAN
the map t. For h [ k* then hc 1 t(hc) 5 hc 1 ht(c) [ W. If c [ W then
hc 1 t(hc) 5 (h 1 h)c, and so if h 1 h ? 0 then W is the image of the
Fl-linear map c ° hc 1 ht(c). (Unless l 5 2 we can take h 5 1.) Hence,
W is spanned by the zea 1 zt(ea) for z [ k* and a [ P1(Fp).
As with linear codes we let the weight w(a) of an element a [ V be the
number of nonzero components. Also if C is a subset of V then its weight
enumerator is
WC(X, Y) 5 O
a[C
Xp112w(a)Y w(a).
We now consider duality properties of higher power residue codes. We
have already seen that T(a, b) 5 x(21)T(b, a) for all a, b [ V. Let Tr :
k R Fl denote the trace map, i.e., Tr(a) 5 a 1 a. Define [a, b] 5 Tr(ka,
bl). Then [ , ] is a nonsingular symmetric Fl-bilinear form on V.
PROPOSITION 1. If x(21) 5 21 then W is self-dual under [ , ].
Proof. If x(21) 5 21 then for all a, b [ V we have
kt(a), bl 5 T(a, b) 5 2T(b, a) 5 2kt(b), al.
If, in addition, a, b [ W then
ka, bl 5 kt(a), bl 5 2kt(b), al 5 2kb, al 5 2ka, bl
and so [a, b] 5 Tr(ka, bl) 5 0. Since W is self-orthogonal under [ , ] and
has half the Fl-dimension of V, then W is self-dual. n
COROLLARY 1. If x(21) 5 21 then ka, al 5 0 for all a [ W.
Proof. For a [ V we have ka, al [ Fl . By the proposition, if a [ W then
0 5 [a, a] 5 ka, al 1 ka, al 5 2ka, al.
If l ? 2 then ka, al 5 0. But if l 5 2 then ka, bl [ F2 for all a, b [ W, since
[a, b] 5 0. It follows that ka, bl 5 kb, al if a, b [ W. Hence k , l is a
symmetric bilinear form on W. To show that ka, al 5 0 for all a it suffices
to show this for a in a spanning set of W. Let
a 5 lea 1 lt(ea) 5 lea 1 lj O
b[P1
Ma,b eb .
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Then
ka, al 5 ll 1 lljj O
b?a
Ma,bMa,b 5 ll(1 1 pjj) 5 0;
as for a ? b, Ma,b is a value of x and so Ma,bMa,b 5 Ml11a,b 5 1. Since these
choices of a span W then ka, al 5 0 for all a [ W. n
If x(21) 5 1 then W is no longer self-dual under this pairing (unless
l 5 2). But the dual of W can be identified.
PROPOSITION 2. Suppose that l . 2 and x(21) 5 1. Then the dual of W
with respect to [ , ] is Ïr W, where (r/l) 5 21 and Ïr is a square root of
r in Fl2 .
Proof. By counting dimensions it suffices to show that [a, Ïrb] 5 0 for
all a, b [ W. But for a, b [ W we have
ka, bl 5 kt(a), bl 5 T(a, b) 5 T(b, a) 5 kt(b), al 5 kb, al 5 ka, bl
and so ka, bl [ Fl . But then
[a, Ïrb] 5 ka, Ïrbl 1 ka, Ïrbl 5 Ïrka, bl 2 Ïr ka, bl 5 0,
as required. n
There is a parallel here with quadratic residue codes. If p ; 3 (mod 4)
then the extended quadratic residue codes of length p 1 1 are self-dual,
while if p ; 1 (mod 4) each such code is dual to a distinct but equivalent
code. The condition p ; 3 (mod 4) is equivalent to x(21) 5 21, where
x(a) 5 (a/p).
The weight enumerators of dual codes under [ , ] obey the same MacWil-
liams identity as dual k-linear codes. If C is an Fl-linear subspace of V, let
C• 5 hb [ V : [a, b] 5 0 for all a [ Cj.
PROPOSITION 3 (MacWilliams identity). If C is an Fl-linear subspace of
V, then
WC •(X, Y) 5
1
uCu
WC(X 1 (l2 2 1)Y, X 2 Y).
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Proof. (Outline). Expand
O
a[C
O
b[V
exp(2fi[a, b]/l)X p112w(a) Yw(a)
out both ways. n
As an immediate corollary note that, since W and W• are equivalent
codes, then
WW(X, Y) 5
1
lp11
WW(X 1 (l2 2 1)Y, X 2 Y).
Recall that the minimum weight of a code C is the smallest weight of a
nonzero element of C. Analogously to quadratic residue codes there is a
square root lower bound for the minimum weight of the codes W.
PROPOSITION 4 (Square root bound). The minimum weight d of W satis-
fies d $ 1 1 Ïp.
Proof. By invariance under the action of SL(2, p) we choose an element
a 5 ayey 1 Op21
j50
ajej [ W
of weight d with ay ? 0. For s [ F*p let A 5 Ss0 0s21D [ SL(2, p). Then
b 5 aA 5 x(s)ayey 1 x(s) Op21
j51
ajes2j 5 byey 1 Op21
j50
bjej [ W,
say. For some z [ k* we have W• 5 zW. As x takes values both inside and
outside Fl , then for some s we have
Tr(ayzby) 5 Tr(zx(s)ayay) ? 0.
Choosing such an s we have
0 5 [a, zb] 5 Tr(ayzby) 1 Op21
j50
Tr(ajzbj)
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and so for some j [ Fp , Tr(ajzbj) ? 0, and so ajbj ? 0. Replacing b by
b(i) 5 byey 1 Op21
j50
bjei1j [ W
in the above argument shows that for all i there is a j with ai1jbj ? 0. Thus,
there are at least p pairs (k, j) with akbj ? 0. But the number of such pairs
is exactly (d 2 1)2, and so (d 2 1)2 $ p or d $ 1 1 Ïp. n
4. CUBIC RESIDUE CODES
In this section we assume that m 5 3, so that x is a cubic character.
Necessarily then p ; 1 (mod 3) and l ; 2 (mod 3). Also x(21) 5 21 so
that W is always self-dual with respect to [ , ]. We shall pay particular
attention to the case l 5 2. In all cases k 5 Fl(g), where g2 1 g 1 1 5 0.
If l 5 2, then each z [ F*4 satisfies zz 5 1, and so for a [ V, [a, a] is
congruent to w(a) modulo 2. For a [ W, [a, a] 5 0 and so each element
of W has even weight. Thus WW satisfies the MacWilliams identity,
WW(X, Y) 5 Ww SX 1 3Y2 , X 2 Y2 D
and
WW(X, Y) 5 WW(X, 2Y),
since all elements of W have even weight. These transformations generate
a dihedral group G of order 12. By using the argument behind the proof
of Gleason’s theorem, the graded ring of all homogeneous polynomials
invariant under G has Molien series
1
(1 2 l2)(1 2 l6)
.
The coefficient of ln in this series is the dimension of the space of G-
invariant homogeneous polynomials of degree n. Thus, for even n this
space has dimension 1 1 n/6. It is now easy to see that all the invariant
polynomials, and in particular WW , are polynomials in X 2 1 3Y 2 and Y 2
(X 2 2 Y 2)2.
As an example consider the case where l 5 2 and p 5 7. Let x be the
cubic character with x(2) 5 g. The square root bound shows that the
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minimum weight of W is at least 1 1 Ï7, and so it must be at least 4. By
the above remarks
WW(X, Y) 5 (X 2 1 3Y 2)4 1 a(X 2 1 3Y 2)Y 2(X 2 2 Y 2)2.
The coefficient of X 6Y 2 in this must vanish, and so a 5 212, and
WW(X, Y) 5 (X 2 1 3Y 2)4 2 12(X 2 1 3Y 2)Y 2(X 2 2 Y 2)2
5 X 8 1 42X4Y4 1 168X 2Y6 1 45Y8.
Explicit computation shows that the elements of W fall into the orbits under
the action of SL(2, 7),
Word Size of SL(2, 7)-orbit
00000000 1
0000gggg 42
00gg11gg 28
001ggg1g 56
00g1gg1g 84
11111111 24
11gggg11 21
confirming the above calculation. The supports of the weight 4 words are
the images of hy, 0, 1, 2j under the action of PSL(2, 7) (or even of PGL(2,
7)), the harmonic ranges of classical projective geometry.
More generally for l 5 2 and p # 31, computer calculations show that
the weight enumerators of W are
p Weight enumerator of W
7 X8 1 42X4Y4 1 168X 2Y6 1 45Y8
13 X14 1 273X8Y6 1 2457X6Y8 1 7098X4Y10 1 6006X 2Y12 1 549X14
19 X 20 1 1710X12Y8 1 20976X10Y10 1 126540X8Y12 1 355680X6Y14 1 395865X4Y16
1 141360X 2Y18 1 6444Y 20
31 X32 1 1488X22Y10 1 57288X 20Y12 1 1049040X18Y14 1 12043314X16Y16 1 85068960
X14Y18 1 366570288X12Y20 1 942787872X10Y 22 1 1383226200X8Y 24
1 1072712592X6Y 26 1 383014920X4Y 28 1 47575824X 2Y30 1 859509Y32
If d is the minimum weight then in each case d is even and d $ 1 1 Ïp.
We thus get the lower bounds 4, 6, 6, 8 for d when p 5 7, 13, 19, 31,
respectively. In the cases of p 5 19 and p 5 31 we see that this bound is
actually exceeded.
Let us return to the general case with l ; 2 (mod 3). Each element j [
k has a unique expression j 5 x0 1 x1g 1 x2g2 (xj [ Fl), subject to the
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condition that x0 1 x1 1 x2 5 0. We can now map V and W to linear codes
of length 3(p 1 1) over F2 . Let U be a vector space F2 with basis hfa,j :
a [ P1(Fp), 0 # j # 2j. The group GL(2, p) acts on U as follows:
If A [ GL(2, p) and eaA 5 gkeb then set fa,jA 5 fb,j1k , where the suffix
j 1 k is read modulo 3. We thus get an imprimitive action on the fa,j with
blocks hfa,0 , fa,1 , fa,2j for a [ P1(Fp). These blocks are acted on in the usual
way by GL(2, p). In fact the induced permutations on the fa,j are elements
of the wreath product of PGL(2, p) with the cyclic group of order 3. We
shall write elements of U as matrices with rows labelled 0, 1, and 2 and
columns labelled by P1(Fp).
Define an Fl-linear map w : V R U by letting w(jea) 5 x0fa,0 1 x1fa,1 1
x2fa,2 , where x0 1 x1g 1 x2g2 5 j and x0 1 x1 1 x2 5 0. Alternatively, w(a)
is the matrix with rows b0 , b1 , and b2 [ Fp11l , where b0 1 gb1 1 g2b2 5
a and b0 1 b1 1 b2 5 0. It is easy to see that w is linear over Fl and
w(aA) 5 w(a)A for all a [ V and A [ GL(2, p).
Let T 5 w(W) be the triple cubic residue code of length 3(p 1 1). Since
W is invariant under SL(2, p) then so is T. For a, b [ U let a ? b denote
the inner product of a and b with respect to the inner product with the fa,j
orthonormal. If j 5 x0 1 x1g 1 x2g2 and 0 5 x0 1 x1 1 x2 (xj [ Fl) then
jj 5 x20 1 x21 1 x22 2 x1x2 2 x2x0 2 x0x1
and
0 5 (x0 1 x1 1 x2)2 5 x20 1 x21 1 x22 1 2x1x2 1 2x2x0 1 2x0x1 .
Thus
2jj 5 3(x20 1 x21 1 x22)
and so for all a [ W
2[a, a] 5 3w(a) ? w(a).
Since l ? 3 it follows that b ? b 5 0 for all b [ T. If l ? 2 this implies that
T is self-orthogonal. But if l 5 2, the weight of w(a) is always twice that
of a. If l 5 2 we have already seen that all weights in W are even; thus T
is a doubly even code, and so automatically self-orthogonal. Of course, T
is never self-dual as its dimension is too small.
The orthogonal complement of w(V) in U is clearly the image of the
map c : F p11l R U defined by letting c(a) be the matrix with all three rows
equal to a. If C is a self-dual code of length p 1 1 then c(C) is self-
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orthogonal and orthogonal to T. Also C > T 5 h0j and so c(C) 1 T is
self-orthogonal of dimension Ds(p 1 1) and so is self-dual. In the case where
l 5 2 and p ; 7 (mod 24), we can take C to be an extended quadratic
residue code of length p 1 1. Then C is self-dual, and by the Gleason–Prange
theorem c(C) is SL(2, p)-invariant. Thus the octern code Oct 5 c(C) 1 T
is self-dual of length 3(p 1 1) and is SL(2, p)-invariant. Since T and c(C)
are doubly even, then so is Oct. Regarding a word a [ U as a triple of
three rows a0 , a1 , and a2 , then
Oct 5 h(a0 , a1 , a2) [ U : a0 1 a1 1 a2 [ C, a0 1 ga1 1 g2a2 [ W j.
Let us consider the case p 5 7. The supports of words of weight 4 in the
two quadratic residue codes C of length 8 are the SL(2, 7)-orbits of hy, 0,
1, 3j and hy, 0, 1, 5j. These are not harmonic ranges. If Oct had a word a
of weight 4 then a 5 w(b) 1 c(c) with b [ W and c [ C, and either c 5
0 and b has weight 2, or b and c have weight 4 and the same support. Both
of these are impossible, so the minimum weight of Oct is at least 8. Hence
Oct is the binary Golay code. This construction of the binary Golay codes
was outlined by Curtis [4]. It shows that the binary Golay code admits a
transitive group of automorphisms isomorphic to PSL(2, 7). The whole
group of automorphisms of the binary Golay code is the sporadic Mathieu
group M24 , and this subgroup of order 168 is its smallest maximal subgroup,
the octern group.
Now consider the case p 5 31. The code Oct is a doubly even self-dual
code of length 96. By Gleason’s theorem (Theorem 16 in [3, Chap. 7]) its
weight enumerator is a polynomial in f8 5 X8 1 14X4Y4 1 Y8 and g24 5
X4Y4(X4 2 Y4)4. To determine the weight enumerator of Oct, it suffices
to determine the number of words of weight #16 in Oct. This involves an
extensive computer calculation. Each word of length #16 in Oct arises from
words of length #16 in C and W whose supports have large intersection. A
preliminary computation showed that there are 15 SL(2, 31)-orbits of non-
zero words of length #16 in C. Comparison of all 232 words in W with a
set of representatives of these orbits showed that W had minimum weight
12, 248 words of weight 12 and 9672 words of weight 16. A brief MAPLE
computation then gave the weight enumerator of Oct as
f 128 2 168f 98g24 1 7548f 68g224 2 75672f 38g324 1 30318g424 .
Expanding this gives the full weight distribution of Oct (see Table 1).
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TABLE 1
n Number of words of
weight n in Oct
0 1
12 248
16 9672
20 3219288
24 369688144
28 18640824768
32 422091297303
36 4552776690944
40 24292916390448
44 65726628219120
48 91448124030784
52 65726628219120
56 24292916390448
60 4552776690944
64 422091297303
68 18640824768
72 369688144
76 3219288
80 9672
84 248
96 1
5. QUARTIC RESIDUE CODES
We now look at examples where m 5 4. This necessitates p ; 1 (mod
4) and l ; 3 (mod 4). We shall pay particular attention to the case where
l 5 3. In general k 5 Fl(i), where i2 5 21.
Let U be the Fl-vector space with basis fa,j (a [ P1(Fp), j 5 0, 1). Let
fa,2 5 2fa,0 and fa,3 5 2fa,1. Then GL(2, p) acts on U as follows: If A [
GL(2, p) and eaA 5 ikeb then set fa,jA 5 fb,j1k , where the suffix j 1 k is
read modulo 4. We shall write elements of U as matrices with rows labelled
0 and 1, and columns labelled by P1(Fp). Give U the standard dot product,
with respect to which the fa,j (a [ P1(Fp), j 5 0, 1) are orthonormal.
Define w : V R U, by letting w(a) be the matrix with rows b0 and b1 [
Fp11l , where a 5 b0 1 ib1 . Then w(aA) 5 w(a)A for all a [ V and A [
GL(2, p). Since for u, v, x, y [ Fl we have (u 1 iv) (x 1 iy) 5 (ux 1 vy) 1
i(uy 2 vx) then 2w(a) ? w(b) 5 [a, b] for all a, b [ V. Let D 5 w(W) be
the double quartic residue code. Again D is invariant under SL(2, p). If
p ; 5 (mod 8) then x(21) 5 21, and since W is self-dual, then so is D.
But if p ; 1 (mod 8) then x(21) 5 1, and the codes W and iW are dual.
Hence, the equivalent codes D and D9 5 w(iW) are dual.
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Now restrict to the case where l 5 3. If p 5 5, the square root bound
shows that W has minimum weight at least 4. Thus, this code attains the
Singleton bound and its weight enumerator is then easily determined as
Y 6 1 120X4Y2 1 240X5Y 1 368X 6. Hence, D must have minimum weight
at least 4, and by self-duality, the minimum weight is a multiple of 3. Thus
w(W) has minimum weight 6, and so is the ternary Golay code. (Compare
the construction of Goldberg [5] who constructs the ternary Golay code
as w(C ), where C is a F9-linear code of length 6 with the same weight
enumerator. However, C is equivalent to the quadratic residue code of
length 6 over F9 , and so his construction is equivalent to Pless’s construction
of the ternary Golay code as a symmetry code [6].) For p 5 13 computer
calculations give the weight enumerators of W and D as
Y14 1 728X6Y8 1 10192X8Y6 1 58240X9Y 5 1 233688X10Y4
1 626080X11Y 3 1 1337336X12Y 2 1 1594320X13Y 1 922384X14
and
Y 28 1 2184X9Y19 1 78624X12Y16 1 768096X15Y13
1 2159976X18Y10 1 1555632X 21Y 7 1 216216X 24Y 4 1 2240X 27Y,
respectively. We can construct an integral unimodular lattice L from D by
construction A and scaling. More precisely,
L 5
1
Ï3
ha [ Z p11 : a (mod 3) [ Dj.
This lattice has minimum norm 3 and 2240 vectors of minimum norm. Also
the symmetry group of L contains a group isomorphic to SL(2, 13).
For l 5 3 there is a curious parallel with the construction of symmetry
codes [6]; they have length 2p 1 2, where p ; 5 (mod 6), while this
construction requires p ; 5 (mod 8).
6. HIGHER POWER RESIDUE CODES OVER RINGS
Various authors (see [1, 2]) have considered analogues of quadratic
residue codes over rings Z/lrZ or over the l-adic integers Zl . One can derive
similar generalizations for the higher power residue codes.
Let Ql be the field of l-adic numbers and let K be its unramified quadratic
extension. Also let O be the ring of integers of K, and let ` its maximal
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ideal. Then O/` > Fl2 , and O contains the (l2 2 1)th roots of unity. If l 5
2, then O contains the sixth roots of unity. Let x : F*p R K* be a character
having order m . 2, with m dividing l 1 1 if l is odd and m dividing 6 if
m is even. Denoting the action of the Ql-automorphism of K by a bar,
then x(a)x(a) 5 1 for all a [ F*p . Define V as a K-vector space generated
by ev (v [ V) with exv 5 x(x)ev . Then V admits an SL(2, p)-action as before,
and it has a Ql-subspace W, unique up to multiplication by elements of K*,
which is SL(2, p)-invariant, and it satisfies W ^Ql K 5 V. Then W > O
p11
is a Zl-linear code over O, and given r $ 1 we can reduce it to a Z/lrZ-
linear code over O/lrO.
These codes have similar duality properties to the higher power residue
codes over Fl . If m 5 3 or 6, then we can derive linear codes of length
3(p 1 1) over Zl or Z/lrZ from them, and if m 5 4 then we can derive
linear codes of length 2(p 1 1) over Zl or Z/lrZ from them.
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